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. INTBOLUCTIuN

Let A Ha““, e an mom patrdr of reatl pwnbers.  The traveliing fales-
1oddui
man oroblem asks for an acyelic permutstion ‘\i1 P in‘ of Lhe snia; oo
Lo 2. ...« n osach thiat thy sum
(1) a . a 3
’ S I 00 S R TS
17 23 n}

18 a minimwe. I Biy A for a!l { and |}, the prob.em 18 said to be gym-

i it

L

aeirics otherwise. it is nonsymmetrir . In vase the distanves a

metrlc ER

AL SO

puted betwsen points in the Buclidean prane the problem is duclidean. n v
clidean prob.em is, of couwrse., mymmztrie,
In the norevmmetris sage bhe solw don invoives [inding one oul of
{n 1} possible permutatinongs and in the uymme’ri~ ase 1% invalves finding
ane ot of f {n 1)/ possible permetations. Hemve. complete epumeration and
avaluation 5 all the possible permutabions provives a theoretically satiu.-
factory solurilon to the problem. What 18 actually desired. however, 33 a com-
putalzonslly  pra-il.ai method of finding the optimrn.  Jvwen methods that find
Tpoad™ permutations would ke of praatical interest as approximate solutions.
The nanes ™reavalling salesman” is applicable when one interprets the sum
(1) 43 the total distance that must be travelled by & saleosman who musi visir

T

e of n ritisg exantly onew before returning home. The acyelic re irement
prevents & sclutioq inveleing several disconnes ted loops. The travelling
salesman interpretation usually results in a symmetris problem. However, if

we think of a school bus thal has a piven number of <orners at which %o stop

to pivlk up ¢nildren in & city which has a substantial number of one way streets,
a nonaymmetiris problem results, since the distame from a %o b inay vell be

different. frum the distance {rom b to a. 5til} anoiber nonsynmetrir~ interpre

tation 1s that of a machine tool that performs a .iva sel of jobs repelitively.



as

The distance from Job a %o job b is the setup <ost, which ean be different
from the sstup cost guing f+om Job b to Job a. For instance, in a paint
mixer, it 18 easy to go from a lighi to a darker solor, but diffiqult to go
in the reverse directlon  There are numerous other practical interpreta-
tions of this seaningly frivolous prebiem.

In this paper we shail} discuss a methol, suitable for elestronic eom-
puters, thai has proved capable of quickly obtaining solutions for problems
having about &U cities or lass in symmetric and some nonsymmetric problema.
in prineiple the melthod ean be used for any size problem. Although the code
doas not guarantee finding the optimum tour, it can be used over and over
asaveral times and in various ways to get a prebabilisti- idea of how good
the beut answer found is rxlative fo Lhe set of observed answers. Also the
chevking procedura of Lantzig, Fulkerson, and Johason [2] can be applied tv
check on tne optimality of the observad result.

We call the method a neuristic ona hecause (a) the rode for it zontaine
nrobabilisti: elements so that its performance varies each time it is run;
(b} in certain cases it can be provaed that it has positive probability of
produeing ‘he optimum answer. and our experience leads us‘to bellsve that
it will always do 803 and ‘+) as the result of initial caleulations partial
answars and sub-problams ara obtained sc that later calculations depend upon
the results of sarly -alcuiations, i.s., the procesa is ons of "learning from
expariences .’ lleverthaless, the code is an algorithm in the sense that it
tarminates aftar a finite number of steps and has been run on an elestronic
womputer. This application is an example of artificizl intelligence, that is,
the use of & somputer to solve problems, the solution of which by human beings
would be regarded aQ intell;gent acts, Humans are not good at solving trav-

elling salesman problems because of limited arithmetic abilities. Hence our



vode onas ot imivate Lhe pehavior ot humans and 33 not deuristie in vhat
FORT

A pood sammary of the history wf the proclem up to /% k8 presented in
Floo [5). More recently. Tucker {o] and Lan.zig LL]) nave given integer pro .
guoAlming Yornuiet bans of e provlem and some somputational experience hax
bgan gadned with fhem. The largest problenm solved so far in the literature
ig Rhe 42 ci'y problem of Lanvzig, Fulkzrson. and Johnsou [2).  uwur gkgorithm
also zalvid the same 42 ciry problenm in 4.5 winutes on a Bendix G-2U com-
punc™ . A mueh more a4iflizult problem invoiving 97 eitles was sofved in 3.
manutea, Ubber experiencs wirh these and smaller problens is reported on
laver in she caper.

{4 Seetion & we deserid~ the eimple idea haeded for -he basls step in
the program . The indtial rode winsh dees oot nave buily In learning 1s dis-
cuadsad in Section 3. The final ode togsther with 1ts loarning aspect is
di3cussad on Sestien Lo Ip bsesdon 4 S duanany The robubilistle metbooy we

whd Cup wealanblug ansiers ohtoined, acd o owrtion & we prove thel the optloal
towr has rogihive probablisly of peing riaoden with the agoritim.
2 TUlE 8NLIC STel UF VHE ALGUGRITHM

In tne suelidesn travellirg salesameo problam ih can be proved that an
eohlnal tour wil, never orossm 1r23alf Thi: follows from the suclidean
Lracews Laab the sun of two dides of & criaogle s greater than the third
side  Howewee. when ¢:ties on a map are usex . the curvatare of the earth,
the wxistance of muuntains having passes and bunnele, and Lhe sxistence of
fakex, oceanst. and other natura. barriers, negate Lhe above duclicean resuil .
U1 eourse. agotning like It need bs irue for nonsymmetric problems. In any
*336. 1T an optimei towr wan bs found by any means. It wili have the desirad
propertics without specifically satating restrictions neaded to insure pgetting

¥, Txedm
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Far this reason. the only specific restristion on the permutations we
sonstruct 18 that they ke seyelic. We have deviged an inductive method for
coneiructing a-yelic permutations. Yhe method is desrribed in the followiny
gepiey of ateps:

{ Choose any two cities and list them arbitrarily to form an aeyclia

permutation iy ik;) of length two.

2. Assume that a permutation {1, 3, ... ik) of k sities, where
2< k< n has been constructed. Choose one of the remaining cities, call it
city h. For J runing from 1 to n compute the quantities

d ag

- L 4 4 ¥
I g 34
where we define iy ; 'O be 1, when J - n.
. .
3. Let J ba any value of } su.h that clyt is a minimum of the yuantilien
aomputed in 2

L4

, " ,
4o Databel 4, as for J - J 4+ .. s n and label h as "E'j* o

3

5. 7 thus have -onstructed a permutation {'il’ oo jkd) of kil clities.
If X+ = n stopy otherwise replaze k by k.1 and return to step 2.

Briefly, the method consiats of atarting with any pair of cities as a
permutation of ‘ength 2, then inserting s third e¢ity in such a way as to mini-
mize the length of the rasulting %“our on three citiesy then inserting a fourth
city in suvh a way as %u minimize the resulting tour on four zities, ete.

This is ocur heur:stic vule for «*zonat.rtlcting acyclic permutationa.l

The tour resulting from this meyelic permutation may or may not be the
optimum one. In fact, therws ars x whole set of possible tours of various
iengtha that can be so geperated, depending upon the order in which new cities
are introduced In Section 6 we present, a proof of the fact that, in the

Euc. idean ~ase, there always exists an order in whish to inttoduce the cities



te thes the avove heurmiati s rals wil! produ e the ophimal lour. We have pearly
siwave fw oioaded Ao gettiog what we Pelieve to be the vphima) tour even in
Lhe noq B fideqan cades and 80 9¢ ~onjertare that the same result holds for
Frem. However . wo do not havas 4 proof of the fast at the present time.,

The ive city problem of Figure 3 wil? help %ilustrate the method as well

s Vta lifi.alrties. Here the optimas tour is 12345, which has lenglh 148,

The ordy other tour constructed by our algorithm is 12453. whizh has length 152,

R &0 {1 ’
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Wo rsz 29 toizds of the argoritnm, more fully deseribed in Seetion 3, using
random orders for tatroducing vew sities. and found that 15 of them resulted
in the op'ital *our . while the other 10 produced vhe suboptimal tour. Thus,
for thlg probiem, thers 18 smpirfea! procvability of 6 of £inding the opti-

mum tour by this random procedurs .

v THR MIOST ALCCEITHM  COTE
[he rsauly of the algorithm of the previous section depends on the order

in wni-k toe 0t ies are afeodused in step 2. So that finsl results were not



Ligwed ve irat arranged the <2ities in a random order iist and selected
citica yrom this liss. when neaded for stsp 2. We did vhis a number of fimes.
orivting <a-t tour and jts distance each time. e rall the First algoritis
fiode ;. PFor instaace. in the 1u.city problem atuwiifed by L. L. Barachet {11,
whoee duta 18 given in dxhibit J and whose optimal tour is given in axhibi? 2,
the distracution of compietion times is given in Figure 2. Note that the
empirive’ probability of getting the optimum tour (whose length is 378 miies)
jg 16. Note aiso that the distribution is multi-modal and has gaps.

Some other experimental results are displayed in Figure 3.

No. of Cities 5 10 a3 L2 57

gmpirical Prob. of
} getting optimum boL6Y .16 V3] SUL5
with Code 1.

Figure 3

The probapiiity estimatues for the 5. 10, 33, and 57 were based on runs of iJu
g¢anh and thai of the 42 civy problem on a run of 225. The shortest schedule
=bserved ln Lbe 57 ity rase was 331 miles Jonger than what ws beliave %o be
the optimum. Wwe did not feel that the empirical probability of getting the
hest anvwer ia the 57 city case wae high enough 1o continue somputations with
Code 1 untll one was observed. The time to¢ ~onatruct one tour in the 57 cily
~&Be waw aboul 40 sevond®. and the time for the other prublems prcportionatsly
lesy )

From the sxperience we obtained, particularly on the 33 and 42 sity prob-
ieme. wx found that the abortast tours so produced tended to agree pretty well
around ihe periphery ¢f the tour where it tended to bs convex, but did noi

dgren ah all well in the "manter" of the problem where the optimal tour was

neeesgarily quite non convex. Hence, we built into Code 1 the added
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siiides F Lrg g o Zovm & roreex pard of ihe touwr Thol was ireversed Ly
Wowh c1 Vhe croprtess bouras produced 'n fae cindrial rvans of the problen.  Tor

thodn waese we mado 1 Ueul™ fiom 30 le o and soived the fws sub-probleos
t b

-

s20arq00 )l lo Chis Ay we "Factored” Tae u .ty problem intn an 2 ity sr

ann bl Pt sk laaee cdtiesw ) and %8 eorur in ho noyrobdess . The
L3

Fatipz TP el TOINT 4 ONYER lor vieariy romwe st prob.an . At remEIy ARy

wsually fezulied Jnoprobabiddly oF 0 or grestor fof

fie]

et 3810
Phe gty e feeepmeney o F obrvatlon of the sheriest toav . Thus, & wils

e oeeqpe e 0e N Lesidon Tows were vichually werreln of oblelning the corpe..
G a0 et ublorablaer The pof vity prob.es rau ke considered as a rew
profries frogt o n anw e piibile Yo fuptrer factorfag of the same kind  The only
regatrerent o the zolations to the verles vf sabproblems so defined is rhat
vhe ornie i C.n Sigure 4, the cormon link x3 shesn dashec from i; to i‘.,é}

s DA Y averasd onee in the eclubions te hoilb subproblems.  ln bhe care oF

tne qon-yoretvico problen, there La the further rvagquiremoent *aad Lie cCwmo:.



Lipk B trivers=1 cnef 36 one Jdirertion in the solution to the firat aub-
il v onice du the opposite divestion In the sotutdon be the cample-
neentary  cubgaeib Tem.

Uur ¢ Aperie-we. & exbibited in Filgure 3, with %he 42 and 33 ity prob-
lany was that we could obtain the optimail solution to eash problem using all
Epe ihlewr  Buat thz empirical probability of finding them in this way was
quits small. We then verified probabilistical'y (see Section 5) that the besi
tour was optima., by facrtoring them into subtours and showing thet as sub-
problems. thedse subtours had empirical probability of .1 or greater of being
pivked un by Cede 1.

Dup newh 1dea was to have the romputer do the fastoring of the problem,

ang ve deorribe how it did that in the next aection.

f. THE I CARMING ALGORITHM . CULE ¢

e swcess in factoring problems after making some initial runs with
Codr . al’bough sztisfastory. was time consuming, and led us to incorporate
the faster.ng procedure into the code. The result is Code 2 to be describea
nezt I g & -ode that has learning aspscts in that the results of early
conputations of the pregram define the subproblems chosen to be worked later
in wore detal!.  Of rourse, both corrert and incorrect learning are possible-
The n.gorihm we thus developed ie one that stops after a finite number of
steps aw prints out a rour that may or may no', be optimal. COur experisnce
ahaws shat it hae positive probability of finding the optimal tour whish do~
rends ipore the wize of the problem being worked and on the number of random
tr.as th machia~ 16 permitted Lo make (i.e., the experience it is allowed to
ha*a) berore being required to define subproblems to be worked on. To deseribe

Just one rumerical result with Code 2 we found that in the 42 c¢ity problem the



a

algorithm found the worrect answer after making 5 cuts; i.e., it defined
6 subproblems. The .uts can be observed in uxhibit D. Other results wiil he
discuzsed tater.

Weo degeribe in more detall the ajgoritim for Code 2 whizh includes the
algorithms previcusly deseribed in Seetions 2 and 3.

0. Read initial data.

1 Choose two link c¢ities. x amd y, at random from among the list of
possibie cities.

2. Hliminate the :iuk »ities Irom the 1i3t. Then put the remaining citias
in random order

3. Using the link citiszs, x and y. a8 the initial agyclie permutation on
2 ¢ities, use the algorithm of Sectisn Z to construct a permutation on n eitias
and compute the lenghth ¢f the towr.

4. Go back to 2 and tonstruct a new permutation  Compare each time wi.ch
the previous shoriest tour fauna‘ saving the best one observed in k trials,
wheres the value of k is .sad in as duta. or else ¥ Is chosen to be a mul-
tiple of n. For instante, k - 50 or 75 or k » 2n are typical values we
uzed

5 Priny the vest towr found ‘n k loops,

6. Find & =3ty on ithe diameter of the bast tour as follows: GChoose any
eity, a» al rendoms find the city. b, on the tour that is farbhaSt‘ fram
as then find the <iiy. ¢, wn the Lour that is Tarthest from b. Seleet ¢
as the diameter city. (Tnis process sould be rapsated more often, but woulid
evecle.  The net affact ia *o get & 2ity on the tour that is "far away" from
the "center" of the problem.!

7. Define & convex subprcbleam. To describe how we do this, let us assuma

h

that diameter city ¢ is aiso i.. the 10°

10 ¢ity on the best tour found in 4.



Py

We mow conclra the disgtanis d from 1 W 1, Next we scompute the distare -

10

g feem 2 iw by ansi gee whether it is greater than op equal 3¢ d. In
any uas . owoe reciare 4 by 4 and gt on. Next we compute the distance o

from 1., $v 4, aod sake the same «omparison . replacing d by this distans,

1

-

g

diocontirus this provasgs as tong as  d  continues {0 Inersase. Onve d  starts
tn deoerwone . We contiinue the proceas s long as d  contlnues Lo decrease, anl
ferminate 2t as soon as 4 zbtarts to increass again. Thus, 1f the optimal
tour coneimts of points on a =ircle we would include the whele problem as &
subprobiem  Bu if *he optimal tour were in the sihape of an hour glass, az
in Figure i, wa would cut off oue iobe of L. «t£. Illustrations of subprok-
lems defined by the pro-ram are shown in dxhivits G, L, and E. The reader will
aote in those fipgures that the resulting subproblems are not always convex in
the sbrict matnsmatical senze. Howaver., the resulting subproblems are zsuf-
£i. dzntiy «imp @ fov our algorithm to solvs easily, which 1s all that is desired.

&, Umwe thes ronvex subproblem is defin< i, we print out bha partial answar,
If rhe vonvey sulproblam includes alf Lhe =itiss of the original problem we
sLop vhe pronsiure 1 the subproblen does not inslude all the sitlies on the
Iiut, we sy up a rew problam that vonrsists of al’ ths 2ities not inciuded in
the r~onicx problen orinted out. determine the !ink sities x and y (being
raretul sLoub the ordwr of these vities in the nonsymmetric case) and go ba.k
te 2 Sinve a Pindtes number of citlss are removed cach time the clitles of a
subprobl-r ate Jeleted from the list of remaining cities. this process will
stop alier A4 finiie number of 3teps.

In :nehher wersion of the progran we enployed "double-szubting," that is,
reroving & stbzroclem from both ands of the diameter of the partial tour chosen
I 6. iy process workad reasonably well but necessitated a longer learning

ioop in & 10 be ¢ertain that both ends of the pariphary of the tour were correst.



There was a net saving of uompatatianéﬁ Lie ., IRWever

It shouid be cbvicus to the reader that the pro,ran we have outlived was
devised by looking at geometrical, hancs symmetric and susllidean, orobilams
ievertheless, the progorac is entirely arithmetd cal in nature, and the limited
axperiance we have rad with perhaps 5 acnsymostrie problems indicated that i
worka for these problemo s well. Howorir o tae latter onzluslon e highly
tentative and needs a goao dzal of Jturiher swudy and wrpsrimentation before it
¢an be firmly asseried.

Var expearience with the variouns sagpis yroblams is shown in Figure 5. The
actusl cuty made by tha machine ars shown dashed ip uxhibits A-F. In Flgure 5
we have indicated ths experience poth with aud withoui the double-cutting leature.

0f these problems the % and lu city problems were rompletety trivial to
wolve. The 33 city problem was interesting in that the program (with singie eut-
tingj, had mistakes in its initial guessas that wers not corrected uptil Lhe last
cut was made. In the 42 city problem (with mingle-cuiting), tne program actually
gotained the correst answar after the f{irst cut, #c that doubtlesz a shorter
learning loop would also have producsd the correct answer. Ilote that double-
cutting almost halved the time needud 1o scive tiis problem. The answers shown
to thase four problems have been proved to be the optimal answers by various
people [2, 31.

By far the most diffizult problem s the 57 ¢ity problem, the data for
whieh was obtained from “he Hand-Mclally 1762 road atlas of the United States.
On some initial runs of the problem we obtained a tour that had langth 12,796
milag sbhown in Hixhibit F. The bast anawer thal we [oundd is that shown in .ux-
hibit E which has length 12,785 mites. Although these two Lours sgree pretiy
weli around the periphery, they are quite different in the middiewest . An an-

swar to this problem that ia %0 miles shorter has been obtainsd by Gordon and 3



Fo. of Citias T TG V) 7
[Length of lesarning
Loop, Code 2 (single 1u 20 50 5 150
cutting

; i
Nunmber of -uts ! Q ot 3 5 £

; %
Time 02 usll 2029 7 2% 13231

]

B
Length of lLearning !
Loop, Code 2 tdeuble !
pusting) : - Zn 3n

1 £ et
bumber of wuft s ! - - A 6

: L T
T ims i : 4:27 | 16:56
- : i :

#
Estimated Time

HiE
Additional cutas were made, bud not needed

s 2
The answer was the same as in cxhibii E excep? for the mistake in the

Northeast. dis~ussed in Section 5.

Figure %

Reiter {(private communication). In spite of repeated attempts our program

has never produced their solution, the probable reasons for this are dis-

tussed in Section ¢ . It should be noted that thelr procedure requires
neveral. days of gomputation to obtain such an answer, zo that in .terms of
cos% of computation the answer in Exhibit £ is still probably preferabls.
In addition to the experience already discussed we have made several
runs on larger problems with randomly generated data of dimensions as high
as 90 x 90, Although the program works for such problems we have no way
of comparing how good the answers are with any other standard so that we

shal! not report on such sxperience here.
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5. CHaCKING GF ALl

One method for whecking the optipuli~y «f propesed anwwers fo iravelling
gaiesman probleme has besn piven by bantz2ig. Fulkerson, and Johnsrn (2], That
method Is, of icurss. avplicable o the ancwsrs whicn our pragram gives .

We propuse here A probabdlized. meliwed fer checking on the aceuracy of *he
result. (ur medel 1o the e ope Linomssat trasls model in which there are tw.
gvants su.ceay and fattyre it Figa o bowe pgve 1is'od the probabliities of

obnerving auseesscn 10 o troals whers o L5 Ene rebablaaty of 4 suscess sach

Lims.
AN 10 23 : - : A N VR
oy . b ‘ f
E i ‘- ; i
t ! i ! * ]
. 100 51122 228710 F4,Bi Y RGN L AFIT 4 B i)
i ! i
.50 s 21263 a0 b oaasons 1 2k AT 3 34900
i
9% 182927 396535 6830 L 7Ed2s B6TIEO HULL
| !
P00 095018 mes 1 s, 523 §3390E BOLIN
i
| . ;
Figure &

From the table ii can be sesn ihat events of probabifiiy 3 or greater are es-
sentially zertain of being cbserved Jn 53 trials mnd events of probability .u%
or more ars essentiaily certain of being observad in 100 brials. uuar own philosc-
phy is o delete the word "esmentially” and ragard thess events as certain. This
f& an approximation. and our sclutiond are approximate in this probabilistic sense.
Neverth‘exaas, thers ara several ways of improving on the <onfidence that one fesla
in the answer so obtained. We list some of these methods next.

{a' Run Code . several times to get diiferant ways of cutting the ‘probﬁ_em up

and different answars. Take the best answer of thess.
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{(t) Cut %he best answer marmally ioto aubproblsems fhat ara different from
the ores that Code 2 usad. Apply Code 7 io the subproblems.

(z) Take adjasent subproblems. l.e. . ongs that have a cvommon iink and work
pairs of them using Gode Y Lo ses if the abprablems dafine the same answer aas
that glyen by Code 1},

fat From Figurs< & 1% ls possible bt rubimats the probability of ihe various
subproblems balng worked worrently. By taking the produet of these probabilities
it is posaible to astimats the probablility of having found the tomplete tour at
randol: using Code i, and thus get an idea of how mugh has been "learned” from the
autting, and factoring procedures of (ode 2. The probability thus obtained is a
pood upper astimate of the probability of finding the optimum tour, and can be used
tn estimate the zoet of getting a beiter tour than %Lhe one found so far.

{a) Of courss, it is obvious that vsing long learning loops in Code 2 and re-
peating it a number of times will improve the reliability estimate that one can
put in the final best answer found by the algoritmm.

We do not c¢laim that our program is infa.lible, but rather that it glves good
answere in a computationally feasible amount of compubter time. For instance, 4
better tour (3) miles shorter) ias known for the 57 city problem than any that our
programs found. An explanation of the fallure of our program to find the better
ona may bs found by examining the nine :ity suoproblsm consisting of the c¢itlas
W, beo Vs 6. 36, 39, 17, 3, and 56 in the nortneastern part of the United States
{s8s ixhibite E and F). The cptimum tour and ancther tour that is 147 miles
Jonger are the two most probable tours chosen by owr heuristic. The relative
probabilities of choosing these tours, cbtained by running Code 1 500 times

on this subproblem are shown in Figure 7.
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Tour ; Ubserved Probability
3u19-39-36-6-7 42 Fh-5is E 194 ?
3563k 2o7-196-30-37 é 408
J

Figurg f

Thus the non-optimal 1our i8 twice as probable as the optimal tour, and actuaily
will be vhosen about U percent of the tims. it happened in many of the runs that
we made that the best tours found would contain the non-optimul tour in the north-
east; and this error being nn the periphery of the best tour observed caused dif-
ficulties, particularly Whén double-cutt ing was used. This tendency of our pro-
gram to choose highly probable schedules, relative to the heuristic used, conati-

tutes a weakness of the method. It is undoubtedly for this reason that we ware

unable to observe the Gordan-Riyiter tour which was %) miles shorter, i.e., the
tours in fixhibits £ and F wers probably chossn muth more often by the algoritim,
and the shorter tour is extremely unlikely to be obssrved in the relatively short
amounts of computer time wa usad, as compared to the times employed by Gordan and

Raiter.

6. PRUOF THAT THE OPTIMAL TUUR CAN B3 CduS&i Ih THE BUCLIDBAY CASE
In the Zuclidean case it is wall-known that an op&imai tour can never cruse
iself. This follows from the trlangle inequality, for if a tour is used thab
crosses itself then it is easy to seo how to pull it sway at the =rossing point
and shorten tha tour.

Now consider an optiral tour Tn in an n.clty travelling salesman problam
in the euclidean plane. We first show that the interior of the tour Tn can yc
triangulated by means of lina segments lying completely in the intarior of Tn.
For instance, in Figure & we 1liustrate aa aight city optimal tour that is so

triangulated-



Figure 8

The lins segments in the interior of the towr are shown dashed. Nota that the
© inside of the tour has been dncempased into.bricagles.

To prove that this can always be done, cbssrve that it is vacuously true for
T., and the only two possible eases for T, - are shown in Figure 9. Now assume

3 L

that all tours Tn-l on n-1 cities can be so triungulated. Consider an optimal

Figure 9

towr Tn for n cities. Choose a vertaex, call it il’ at which the angls
formed by the two edges of the tour that meet at 11 and which points into the
interior of the tour, is less than 180 . Consider the clties 12 and 1% nol
which are adjacent to iz_ in the optimai towr, as shown in Figure 10. We have
‘two casas: (a) the line segment joining i, andi ., lies entirely inside the
tour; or (b) the line segment doas not lie entirely within the tour. In case

(a) we include the line segment from i, to 1,1 @8 part of the triangulation,

2



17

hat
and now the tourpbypassss il by making usw of this iine segment consists of

[f”o!
/\ \
\

. Figurs 10
n-1 cities. This tour must be optimal for that probism or else the original

tour on n zities could be shortened. Hsnte by the induction assumption the
remaining tour can be triangulataed, giving a triangulation of Tn“ In case
(v), there must be a city, call it 13, in the interior of the iriangle formad

Either it lies completely inside Tn or else there is another city ik

2* and 1 30 Continuing in this way we aventually

find (since there are only a finite number of cities) a line segment from i,

s and in-l"‘ We now consider the line segment from il to 13.
in side

the triangle formed by il’ i

to some other city on the tour, say ik’ and which lies entirely inside the opti-
mal tour Tn. This line segment divides 'l‘n into two sub-tours each invoiving
fewer than n cities. Hencs by the induction assumption these two sub-tours
can bs triangulated, and these give a triangulation of 'I’nu

By the same kind of inductive argument, it can be shown that n-3 interior

segments will be needed to perform the triangulaticn. It can also be shown that

thars {» at least one vertex that has no interior segmsunt connected to it, such



R

as vertex 1 in Figure 8.

To demonstrate that there is & random order of the cities that will make
the hauristic produce the optimal tour, we consider a triangulation of the opil.-
mal tour Tn. Kemamber the cities so that «ity 1 is a vertex having no interior
segmant of the triangulation connected to 3t fas in Figure &), and assume that
the other cities are numbered in ordsr around the tour Then, necessarily be.
cause we have a triangulation, cities & and n will be 2onnected by an interior
segment {z and 8 in Figure 8). Hence we make cities 1 and 8 be the first two
¢ities considered by the algorithm, and ¢ity 2 the next ons on the list. The
segment from 2 to n will be the base of one of the triangles of the triangu-
lationy let the next e¢ity on the list be the city at the peak of that friangleg
ete. For instance, in Figure 8 we let cities 1 and 8 be the initial cities, and
intreduce the other cities in the order 2, 3. 7, h, 5, and 6. The algorithm
given in Section 2 will then produce the optimal tour 1, 2, 3, 4, 55 b, 7, &, as
the reader can easily check. Thus for every different triangulation of the opti-
mal tour we get a different initial list that will produce the optimal answer.
There are other initial lists which wili also produce the optimal tour, for in-
stance the list 1, 8, 5., 4, 6, 3, and 7 in Figure 8.

At present, we do not have a proof that for non-esuclidean problems there is
an initial 1ist which will produce the optimal tour. MNevertheless, our experi-

snce leads us to conjecture that such is possible.
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Exhibit A

5 CITY OPTIMAL TOUR
Distence 148

Exhibit B
10 CITY OPTIMAL TOUR
Distance 378
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10.
11.
12.
13.
1L,
15.
16.

E<hibit G
List
33 City Problem

‘Chicago, Iil.

Indianapolis, Ind.
Marion, Ohio
Erie, Penna.
Carlisle, Penna.
Wana, West Virginia
Wilkesboro, N. C.
Chattanooga, Tenn.
Barnwell, S. Car.
Bainbridge, Ga.
Baton Rouge, la.
Little Rock, Ark.
Kansas City, Mo.
la Crosse, Wis.
Blunt, S. Dak.

Lincoln, Neb.

17 .
18.

19.

21.
22.
23.
2k,
25.
26.
7.
28.
29.
30.
31.
32.
33.

Wichita, Kan.

Amarillo, Tex.

Truth or Consequences, N. Mex.

Manuelito, N. Mex.
Colorado Springs, Colo.
Butte, Mont.
Lewiston, Ida.
Boise, Idaho

Twin Falls, Ida.
Salt Lake City, Utah
Mexican Hat, Utah
Marble Canyon, Ariz.
Reno, Nev.

lone Pine, Calif.
Gustine, Calif.
Redding, Calif.

Portland, Ore.
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10.
11.
12.
13.
1k,
15.
16.
17.
18.
19.

21.

Exhibit H
List
42 City Problem

Manchester, N. H.
Montepelier, Vt.
Detroit, Mich.
Cleveland, Ohio
Charleston, W. Va.
Iouisville, Ky.
Indianepolis, Ind.
Chicago, I11.
Milwaukee, Wis.
Minneapolis, Minn.
Pierre, S. D.
Bismark, N. D.
Helensa, Mont.
Seattle, Wash.
Portland, Ore.
Boise, Idaho

Salt Lake City, Uteh
Carson City, Nev.
Ios Angeles, Calif.
Phoenix, Ariz.

Santa Fe, N. Mex.

22.
23.
2k.
25,
26.
27.
28.
29.

31.
32.
33.
34.
35.
36.
37.

39.
Lo.
b1,
k2.

Denver, Colo.
Cheyenne, Wyo.
Omaha, Neb.

Des Moines, Iowa
Kansas City, Mo.
Topeka, Kans.
Oklshoma City, Okla.
Dallass, Tex.

Little Rock, Ark.

Memphis, Tenn.

- Jackson, Miss.

New Orleans, La.
Birmingham, Ala.
Atlanta, Ga.
Jacksonville, Fla.
Columbia, S. C.
Raleigh, N. C.
Richmond, Va.
Washington, D. C.
Boston, Mass.

Portland, Me.
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Akron, Ohio
Atlanta, Ga.
Baltimore, Md. -
Birmingham, Ala.
Bismarck, N. Dak.
Boston, Mass.
Buffalo, N. Y.
Cheyenne, Wyo.
Chicago, Ill.
Cincinnati, Ohio
Cleveland, Ohio
Columbus, Ohio
Dallas, Tex.
Denver, Colo.

Des Moines, Iowa
Detroit, Mich.
Evansville, Ind.
Ft. Wayne, Ind.
Harrisburg, Pa.
Helena, Mont.
Houston, Tex.
Indianapolis, Ind.
Jackson, Miss.
Jacksonville, Fla.
Jefferson City, Mo.
Kansas City, Mo.
Lansing, Mich.
Littlie Rock, Ark.

Exhibit T
List
57 City Problem

29.
30.
31.
3e.
33.
34,
35.
36.
37.

39.
Lo.

Li.

k2.
L3.
Ly,
Ls.
L6.
b7.

k9.
50.
51.
52.
53.
Sk.
55.
56.

57.

Ios Angeles, Calif.
Louisville, Ky.
Memphis, Tenn.
Milwaukee, Wis.
Mpls, St. Paul, Minn.
Nashville, Tenn.

New Orleans, la.

New York, N. Y.
Omaha, Nebr.

Peoria, Ill.
Philadelphia, Pa.
Phoenix, Ariz.
Pierre, S. Dak.
Pittsburgh, Pa.
Portland, Ore.
Raleigh, N. C.

St. Louis, Mo.

Salt Lake City, Utah
San Francisco, Calif.
Seattle, Wash.
Spokane, Wash.
Springfield, Ill.
Springfield, Mo.
Tampa, Fla.

Toledo, Ohioc

Topeka, Kans.

Tulsa, Okla.
Washington, D. C.
Wichita, Kans.



W

O @ 2 o\

28
57
72
81
85

113
89

£ w

28
45
54
57
63
85
63
63

Exhibit J

Date for the Five City Problem

Source:

-

0]

30
26
50
ko

Hypothetical Example

2k

50

L
26

Exhibit K

Data for the Ten City Problem

Source:

L. L. Barachet,
"Graphic Solution of the

Travelling Salesman Problem,"
0. R. 5(1957) 841-5

28
o7
57

5T

10

72
b5

bs

22
81
k1
10
b1

63

28
63

89

113
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EXHIBIT N
Data for the 57 City Problem

1| o

2168 0 Source: Band-McNally Rosd Atlss, 38th Edition, Rand-McNaily Company: 1962

3|3 es o

4f 702 152 191 o

s 1210 1523 1531 1475 0

6| 655 1074 399 1190 1818 ©

7] 210 881 364 900 1377 447 0

8 | 1334 1457 1655 1365 580 1942 1497 O

9| 366 702 685 653 853 994 527 968 O
10 | 227 454 498 475 1187- 869 425 1188 324 O ‘ .
11| 33 695 351 714 1187 631 186 1311 341 239 © -
12 [ 121 354 395 584 1205 763 327 1248 359 106 140 0O
13 [1180 820 1422 665 1172 1821 1378 867 937 953 1254 1056 O
14 [1380 1411 1631 1302 681 1997 1507 101 1013 1172 1366 1236 784 ©
15| 706 899 1027 623 672 1314 869 628 339 576 683 701 70L 674 ~ O
16-1-190 709 s11 730 1139 699 252 1263 293 255 167 185 1203 1318 635 O
17 ] 452 414 723 365 1114 1107 649 1076 292 225 463 331 749 1030 505 442 O

“18 | 202 605 556 591 1021 843 398 1098 175 151 212 154 997 1149 471 158 284 O
19 301 729 80 8l6 1501 398 284 1625 655 461 321 382 1436 1619 997 48L 713 526 O
20 | 1806 2081 2127 2021 631 2414 1969 712 1449 1783 1783 1801 1577 811 1240 1735 1720 1617 2097 ©
21 | 1283 842 1457 666 1414 1856 1481 1109 1091 1056 12935 1162 242 1026 943 1311 843 1128 1482 1819 O
22] 291 510 568 487 1032 936 481 1079 184 109 295 173 881 1063 467 274 168 116 536 1629 1011 0O
231 913 402 1038 247 1453 1437 1102 1278 753 677 916 783 411 1195 818 924 495 763 1063 1972 429 647 o
24 | 929 316 793 430 1839 1191 1083 1773 1027 776 960 859 1007 1727 1224 1031 739 927 865 2429 907 835 596 O
25| 656 680 934 586 928 1338 896 801 393 468 710 538 S62 755 271 63 298 476 921 1457 785 365 563 996 O
261 776 805 1053 713 789 1454 1009 652 504 596 823 658 495 606 206 775 424 S87 1040 1308 737 485 666 1121 149 O
27 ] 237 731 558 721 1089 845 405 1209 239 270 219 232 1146 1261 578 84 414 130 528 1681 1252 246 893 1046 573 684 O
28 | 847 521 1089 393 1193 1488 1045 1049 650 620 859 735 333 965 576 871 416 681 1075 1712 441 565 260 822 366 404 811 O
29 | 2371 2215 2649 2063 1659 3042 2597 1169 2092 2182 2411 2246 1405 1157 1794 2363 2012 2175 2628 1234 1547 2073 1816 2416 1735 1568 2272 1695
30| 338 396 609 373 1146 980 336 1170 298 111 351 218 8SL 1124 572 367 125 218 572 1743 945 116 575 721 392 SI18 348 518
31| 717 382 950 254 1248 1350 906 1111 $38 481 720 3596 472 10A8 605 719 277 S61 936 1767 566 445 213 679 350 459 691 139
32| 452 793 773 739 771 1060 615 1003 91 429 429 447 1010 1002 356 381 378 263 743 1367 1164 271 830 1109 465 550 327 723
33| 769 1080 1090 1037 431 1377 932 800 412 746 746 764 953 846 253 698 687 580 1060 1027 1195 592 1051 1396 309 458 644 829
34| 513 257 728 205 1265 1162 718 1206 448 293 532 398 694 1160 629 S41 160 400 738 1862 788 297 403 573 423 554 530 361
35 [1043 518 1145 354 1623 1544 1261 1369 930 8616 1055 928 503 1287 1006 1071 669 943 1170 2076 358 827 187 565 760 834 1060 430
36| 487 862 187 978 L1691 216 445 1811 841 653 507 551 1605 1866 1183 667 882 712 186 2273 1644 724 1225 980 1089 1209 714 1273
37| 841 1014 1162 917 3584 1449 1004 493 474 698 818 755 663 539 135 770 621 606 1132 1072 905 589 868 1325 353 204 713 608
38| 451 656 766 617 858 1102 657 869 155 323 471 380 805 910 253 423 260 242 785 1456 973 214 661 972 243 352 369 530
39| 406 772 97 888 1610 304 366 1730 760 572 426 470 1524 1785 1102 586 B80L 631 105 2202 1554 643 1135 890 1009 1128 633 1193
40 | 2011 1833 2289 1678 1500 2682 2237 ' 920 1732 1824 2051 1886 1029 819 1441 2003 1652 1815 2268 1183 1156 1713 1440 2036 1375 1228 1912 1336
41[1127 1381 1448 1307 207 1735 1290 444 771 1104 1104 1122 965 522 492 1056 997 938 1418 739 1207 951 1258 1697 743 594 1002 998
42] 105 714 230 751 1309 598 216 1429 439 284 125 182 1223 1484 801 285 509 330 200 1901 1326 356 956 897 720 840 332 899
43 | 2492 2682 2813 2572 1317 3100 2655 1207 2131 2395 2469 2455 2057 1285 1835 2421 2283 2303 2783 686 2235 2286 2468 2980 008 1859 2367 2250
44| 594 402 301 559 179 701 616 1696 948 521 614 493 1224 1692 1090 774 671 638 376 2390 1225 629 806 492 960 1086 821 897
63| 529 ss4 806 490 987 1239 797 906 294 340 611 41l 643 860 335 S12 170 354 794 1562 799 238 302 870 128 254 303 359
46| 1792 1925 2113 1796 953 2400 1955 458 1425 1646 1769 1706 1253 507 1086 1721 1533 1357 2083 498 1428 1537 1664 2214 1260 1109 1667 1456
47 | 2554 2543 2875 2391 1646 3162 2717 1220 2187 2408 2531 2468 1763 1264 1848 2483 2295 2319 2845 1137 1946 2300 2174 2779 2023 1871 2429 2023
48 | 2416 2691 2737 2631 1223 3024 2579 1279 2055 2393 2393 2411 2129 1357 1850 2345 2330 2227 2707 610 2307 2239 2540 3007 2067 1918 2291 2322
49 2128 2403 2449 2343 935 2736 2291 1023 1767 2105 2105 2123 1883 1101 1562 2057 2042 1939 2419 322 2141 1951 2252 2719 1779 1630 2003 2034
50| 475 603 760 563 921 1138 696 902 193 301 510 365 744 873 293 459 212 276 821 1507 900 192 588 919 200 311 373 457
s1| 750 666 1027 538 964 1460 1018 827 515 563 832 632 422 764 347 733 391 579 1015 1483 643 439 489 968 140 175 724 229
52| 1106 467 984 547 1991 1379 1260 1903 1169 921 1137 1022 1090 1833 1366 1177 861 1072 1041 2555 980 $78 679 200 1142 1244 198 924
53| 133 652 454 673 1089 741 296 1209 239 198 110 128 1149 1264 361 57 388 110 424 1681 1231 220 867 974 586 693 104 785
s4| 839 868 1120 773 751 1517 1072 S97 567 659 886 721 S17 538 268 838 487 654 1103 1262 738 352 727 1184 208 63 747 467
53] 931 009 1208 €83 972 1641 1199 770 696 746 1013 813 268 686 463 94 572 760 1196 1440 510 6AO 330 1112 321 257 905 290
S6| 331 637 38 753 1531 437 361 1655 685 492 351 395 1384 1710 1027 SI1 717 556 112 2127 1419 568 1000 755 934 1053 3558 1031
57| 971 922 1248 793 769 1649 204 393 699 791 1018 853 383 308 401 970 619 782 1235 1256 625 698 720 1211 344 195 $79 460
1 2 3 &4 s 6 °7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 2 2 20
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EXHIBIT N
(Continued)

Source: Rgnd-MchMally Rosd Atlse, 38th Edition, Rand-McNally Company: 1962

)
2106 0
1825 2379 0
2138 387 618 0
1942 706 838 330 0
2047 182 222 534 847 0
1905 712 400 1017 1238 530 [
2797 764 1134 929 1246 915 1332 0
1669 694 663 491 359 751 1038 1318 0
1940 326 448 227 423 407 842 971 378 0
2716 682 1054 848 1165 825 1242 92 1237 890 0
390 1746 1467 1778 1657 1689 1514 2437 1313 1580 2356 0
1556 1063 1033 700 393 1121 1415 1604 390 745 1528 1341 0
2429 393 760 547 864 562 1092 386 936 389 305 2069 1222 ]
994 2377 2318 2033 1713 2413 2560 2959 1700 2076 2888 1273 1425 2587 0
2583 368 758 1036 1353 539 919 488 1213 838 398 2225 1711 451 3076 o
1842 264 289 367 549 300 689 962 433 174 885 1482 827 596 2113 832 0
731 1627 1335 1460 1231 1663 1756 2269 951 1327 2188 685 845 1887 807 2154 1363 0
403 2389 2153 2222 1993 2375 2264 3031 1713 2090 2950 791 1607 2649 669 2916 2125 762 .0
1170 2353 2377 1977 1637 2472 2632 2883 1682 2066 2812 1490 1349 2511 176 3000 2172 6879 845 0
1246 2065 2089 1689 1349 2184 2398 2595 1394 1770 2524 1368 1061 2223 364 2712 1884 721 922 288 0
1899 279 375 265 486 359 769 1007 415 73 926 1539 785 348 2109 821 101 1360 2122 2117 1829 0
1634 485 284 588 600 447 659 1183 379 383 1102 1276 769 903 2034 1003 221 1251 1961 2093 1805 322 0
26489 864 785 1259 1547 724 646 1170 1448 1123 1080 2111 1838 1080 3103 682 1021 2340 2831 3165 2877 1070 1069 0
2282 310 663 327 644 ABA 1014 610 716 369 529 1979 1002 228 2416 621 506 1667 2429 2291 2003 405 727 1120 0
1532 585 522 612 521 620 902 1272 167 415 1191 1172 337 903 1801 1149 317 1049 1811 1872 1584 374 235 1307 736 0
1648 666 429 769 7135 620 639 1364 395 564 1283 1093 765 996 1970 1187 402 1171 1776 2042 1762 503 181 1214 908 228 [
2649 598 912 773 1090 690 1107 225 1162 815 135 2289 1448 230 2813 263 0806 2113 2075 2737 2449 851 1027 945 454 1116 1222 0
1393 713 532 743 653 703 834 1404 306 547 1323 1033 382 1036 1797 1251 449 1003 1721 1866 1578 3506 240 1317 888 139 183 1248
29 30 31 32 33 34 35 36 37 38 39 AD 4l A2 A3 4 45 A6 A7 A8 A9 30 51 32 83 4 5% 54



